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Abstract. A certain class of rank two pointed Hopf algebras is considered. The 
simple modules of their Drinfel'd double is described using Radford's method |Rad03j . 
The socle of the tensor product of two such modules is computed and a formula 
similar to the one in |CheOOj is obtained in some conditions. Cases when such a 
tensor product is completely irreducible are also given in the last section. 



Introduction 

The Drinfel'd double of a finite dimensional Hopf algebra was introduced by Drin- 
fel'd in order to provide solutions of the quantum Yang-Baxter equation in statistical 
mechanics. Representations of a Hopf algebra form a ring where the product is given 
by the tensor product of the representations. But for a given Hopf algebra the de- 
scription of its representation ring is generally unknown. In the case of a Drinfel'd 
double this representation ring is commutative. 

Recently, Radford gave a new method to construct simple modules for the Drinfel'd 
double of a graded Hopf algebra where the bottom term is both commutative and 
cocommutative [Rad03j . The construction parameterizes the simple modules of the 
Drinfel'd double of a finite dimensional pointed Hopf H algebra by a pair of group- 
like elements of H and H*. New pointed Hopf algebras were recently described, for 
example see |KR06j . |AS06j . If Hq is the coradical of a Hopf algebra H and Hi is 
the first term of its coradical filtration let dim k Hi = n + 1. In [KR06j the 
authors defined the rank of if to be n if if is generated by Hi as algebra. They 
classified rank one pointed Hopf algebras in characteristic zero and they also studied 
the representation theory of their doubles. For a field of positive characteristic the 
rank one pointed Hopf algebras were classified in [SchOGj . 

In this paper we study the Drinfel'd double of some rank two pointed Hopf algebras, 
describe their simple modules and determine the socle of the tensor product of any 
two such simple modules. Previously, H.X Chen described the socle of a such tensor 
product when the Hopf algebra if is a Taft algebra |CheOOj . Recently, based on his 
results, the socle of the tensor product was described for a certain class of rank one 
pointed Hopf algebras in |Per06j . For so called generalized Taft algebras the rep- 
resentation theory of their doubles was studied in [EGSTOG] . The class of pointed 
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Hopf algebras that we consider in this paper was constructed in |BDGOO] . They are 
pointed Hopf algebras of rank two and the two variables that generate Hi as Hq- 
module are of nilpotent type. The paper follows the methods developed in [CheOOj . 
The formulae for the socle of the tensor product of two simple modules are in some 
cases analogous to the ones obtained in [CheOO] and |Per06] . It is worth remarking 
that a similar formula holds for a general pointed Hopf algebra of any rank belong- 
ing to the class of Hopf algebras defined in |BDG00j . Using the terminology from 
[BDGO O| these are Hopf algebras constructed with zero Ore derivations and with the 
coradical determined by an abelian group. 

The first section of the paper presents Radford's method of constructing simple mod- 
ules for the quantum doubles of graded pointed Hopf algebras with the coradical both 
commutative and cocommutative. 

The second section of the paper describes the Hopf algebras of rank two that are 
considered in this paper and which are constructed in [BDGOO] . Their dual structure 
is also given in this section. 

In section 3 the quantum doubles of these Hopf algebras is described and a condition 
for a cyclic module to be irreducible is given in Lemma 13.111 

The main theorem that describes the socle of the tensor product of two simple D{H)- 
modules is given in the last section. It also describes necessary conditions for such a 
tensor product to contain a one dimensional submodule. 

1. Preliminaries 

In this paper k is any field of characteristic zero although it is need only that k 
contains enough roots of unity. For an abelian group G we denote by G the set 
of linear characters of G. For a coalgebra C over k Sweedler's notation A(c) = 
J2 C(i) ® C(2) is used for the comultiplication of c G C The set of group-like elements 
of C is G{C) = {ce C\A{c) = c ® c}. 

Let if be a finite dimensional Hopf algebra with antipode S. For / e H* and 
h G H define f ^ h = /(/i(2))^(i) and h ^ f = /(/i(i))/i(2)- The Drinfel'd double of 
H is the Hopf algebra D{H) such that D[H) = H*'^"^ ® if as coalgebras and with 
the multiplication given by 

Its antipode is given by S{f ® h) = S{h)S^^{f). 

Lemma 1.1. (Radford, |Rad03] ) Let H be a finite dimensional Hopf algebra. For 
j3 e G{H*) consider the H* -module Hp = H with the action of H* given by f ■ h = 
f{h2)hi- Define 

(1.2) h p ■ a = < f3 ,h2 > h^aS'^hi 

for all h, a E H . Then Hp with the above two actions becomes a D{H)-module. 
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li g E G{H) then let Hp ■ g the D{H) submodule of Hj^ generated by g. Then one 
has the following proposition: 

Proposition 1.3. (Radford, |Rad03] ) Let H = ^'^^^Hn be a finite dimensional 
graded Hopf algebra over the field k. Suppose that Hq = kG where G is a finite 
abelian group. Then 

{f3,g)^[Hf,-g] 

is a bijection between G{H*) x G{H) and the set of isomorphism classes of simple 
D{H)-modules. 

For any g 7^ and n a natural number let (n)g = 1 + g + ■ ■ ■ + 

2. Rank two pointed Hopf algebras 

In this paper the following pointed Hopf algebras of rank two are considered. They 
can be constructed with zero derivations from Ore extensions ( [BDGOO] . pp.750). Let 
G be a finite abelian group and Xi, X2 two variables. Let Ci , C2 two elements of G 
and c* , C2 be two linear characters of G such that < C2 , ci >< c* , C2 >= 1 and 
< c* , Cj > is a primitive n^-th root of unity for i = 1 ,2. 

Let H be the algebra generated by G, xi and X2 subject to the following relations 

x^i = , = , xig =<cl ,g > gxi , X2g =<c*2 ,g> gx2 , X2X1 =< , Ci > X1X2 
Then if is a pointed Hopf algebra |BDG00j with comultiplication given by 

^{g) = g®g, ^i^i) = Ci^Xi + Xi^i 

and antipode given by S{g) = g~^ and S{xi) = —c^^Xi. if is a finite dimensional 
algebra with a basis given by { (7x1^X2'' |0 <p<'n-i — l,0<g<n2 — 1}. 

The dual of H is also described in ( [BDGOO] . pp.760). \iw = {wi ,^2) is a pair of 
two nonnegative integers let x^ := x^^x^^. Define ^1 ,^2 £ H* given by ii{xig) = 1 
and ^i{x''"g) = if x*" 7^ Xj. Then H* as algebra is generated by the linear characters 
X of G and ^1 ,^2 subject to the following relations: 

= , ^2"^ = , x^^ =< X , Q > , 66 =< ct' , c^' > 66 

The coalgebra structure H* is given by 

A(x) = x®x, A(ei) = c*-^ ® 6 + 6 ® 1 
and the antipode is given by S{x) = X^^ and S{^i) = —c*^i. 

3. The double of H 

Given the rank two pointed Hopf algebras from the previous section their Drinfel'd 
doubles are characterized as follows. 

Proposition 3.1. The double D{H) of H is generated by G, G and xi X2 ,6 56 

subject to the relations defining H and H* and the following relations: 
(1) g^i =< c* ,g> iig fori = 1,2. 
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(2) Xii2 = ^2X1 ,X2il = ^1X2. 

(3) [xi,ei] = cr'-ci 

(4) [X2,6] = cr'-C2. 

(5) = ^yg for all g E G and 7 e (5. 

(6) Xi-f = j{ci)jXi fori = 1 ,2. 

Proof. One has that 

for all h E H and / G H*. For the first formula notice that g ^ = (^i{9)Ci- 

To prove relations 2), 3) and 4) notice that 

A'^{xi) = ci (g) ci (g) xi + ci ® xi (g) 1 + a;i ® 1 ® 1 

Then xi^2 = (xi ^ 6 ^ <S'"^a;i) + (ci ^ ^2)2:1 + xi ^2- Since ci ^ ^2 = 6 the 
second term of the sum is ^2X1. Since S~^Xi = —XiCi^ and a;i ^ ^2 = C2 = 

the firs and the third term of the previous sum are zero and one gets the second 
formula. Similarly xi^i — (ci ^ ^1 S~^x-i)ci + (ci ^ ^1)2:1 + {xi ^1). Since 
S~^xi — —Xic~^, Ci ^ ^1 = ^1, ^1 ^ Xi = e and e ^ cj~^ = e the first term of the 
above sum becomes — Ci. Since Ci ^ ^1 = ^1 the second term is ^1X1. The third 
term is a;i — ^ ^1 = c^~^ and one gets the third formula. The forth formula is proved 
similarly. One has 57 = (5' — ^ 7 ^ 9~^)9 — 19 ^-^d relation 5) is proved. For the last 
formula notice that ci ^ 7 = 7(ci)7 and Xi ^ ^ — ^ Xi — □ 

For 1 < i < 2 let gj =< c* , Q >. It follows from the previous section that Qi is a 
primitive root of order rij 

Lemma 3.2. With the above notations one has that 

WiM\^x\-'[{r\,cl-'-{r\,-.c,\ 

for 1 < r < Ui — \. 

Proof. We proceed by induction on r. For r = 1 one has one of the defining relation 
oiD{H). Then 

)6] = x\[xi ,G] + [x\ ,ii]xi = x[{c^^ - ci) + x[{{r)q^cl~^ - {r)g^~ici)xi 

But since cl~^Xi = qiXicl~^, CiXi = qi~^XiCi and (r + l)g = q{r)(^q) + 1 for any 
Qy^O, one gets the desired formula. □ 

For i = 1, 2, let 

g; I) = P{c,){l\^-. - c^-\g){l\^ 

If y is a D{H)-mo<M.e and y e D{H) let Vy = {v e V\yv = 0}. Put = V^^ n V^^ 
and = % n%. 
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Lemma 3.3. Let V be a D{H)-module, i = 1, 2 and ^ v ^ V^^. Suppose there is 
(3 E G and h E G such that gv = (3{g)v and xv = x{h)v for any g E G and x ^ G. 

1) Then 

for any 2 = 1,2 

2) Suppose further that l3{ci)cl{h) = q[^^^ and f3{c2)c2{h) = q2~^ for some U with 
1 < li < Ui. Then for any 1 < r < rii — 1 it follows that ai{f3, h; r) = if and only 
ifr = k. 

Proof. 1) One has that 

ii.{x{ ■ v) = {x[^i - [x[, ^i]) ■ V = x[^i ■ V - [x[, ^i] ■ V = -[x[, ^i] ■ g since 
^1 ■ f = 0. From Lemma [312] it follows ^i-{x[ ■ v) = — a^i "'^[(/)<7iC*""'^ — (/)gi-ici] ■ v = 
-{l)^^x[-\{cl-' ■ v) + (0,,-i4-i.(ci ■ v) = -{l\,ct\h){x[-' ■ v) + P{c^m,,-r{x[-' ■ 
= ^ ■ the the firs assertion is proved for 

i = 1. The proof for z = 2 is similar. One has that h; r) = if and only if 

/?(ci)(r),^-i = cl~\h){r),, or P{c^)cl{h){r)^-^ = (r),,. Thus g^'f^zl = which 

is equivalent to — q''i^^ = g[ — 1. Either both differences are zero which implies 
r = ni or g'^ = g[ which is equivalent to h = r. The proof for i = 2 is similar. □ 

Notice that if is a graded Hopf algebra letting g E G with degree zero and xi, X2 
with degree 1. li g E G and /3 e G it follows from Proposition 11.31 that Hp ■ g are all 
the simple D{H) modules up to isomorphism classes. 

Lemma 3.4. For the simple D{H)-module Hp ■ g one has the following formulae: 

(2) i^.{x\p-g) = Qfori^3. 

(3) p-g) = ai{P, g; l){x^r^ ^-g). 

Proof. For any a G Hp ■ g one has 

(3.5) Xi p ■ a = (3{ci)xiac{^ — axic^^ 

Indeed using formula [L2] one has Xi ^ ■ a = ^ < /9 ,Xi(2) > xn^-^aS~^xni-^ But since 
A^(a;i) = ci (g) Ci Xi + Ci ® Xi ® 1 + Xi ® 1 ® 1, I3{xi) = and S^^Xi = —Xic^^ one 
gets the desired formula. 

In particular Xi p ■ g = P{ci)xigc^^ — gxic^^ = (/3(ci) — cl^^{g))xigc^^ which 
proves the first formula for 1 = 1. By induction on / one gets the first formula. 
Indeed x[^'^ p-g = xi.{x[ p ■ g) = UYJoWci) - cl'\gc'^^)){xi p ■ ix[gc^^)). 

But using formula 13.51 one has that 

xi 13 ■ {x[gci') = /3{ci)x[+^gci'-' - x[gci'xic^^ = (/5(ci) - cl-\gc^'))x[+^gc^'-^ 
and the formula for / + 1 is obtained. For i = 2 the proof is similar. 
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The second formula is clear since ^2 p ■ {x\gci^) = i2{{x\gci^)2){{x\gci^)i) = 0. 
Since p - g = ^ the third formula follows from Lemma I3.3[ □ 

One more technical lemma is needed: 

Lemma 3.6. For the simple D{H)-module Hp ■ g the following formula holds : 

/-I m-l 

<-(^2 p-g) = X{{(3{C2) - ct\gc2^)) n - cl-\gc-,^))xrx'^gc2'c~r 

i=0 i=0 

Proof. For m = one gets the the first formula of the above lemma. We proceed 
by induction on m. One has x^~^^ .{x2 p ■ g) = Xi.{x^.{x2 ^ ■ g)) = Yl^^oiPi'^'i) ~ 

c*2~^igc2^))IlT=oWici) - cr^igcl^)){xip ■ (a;™4^C2'q™)) Using formula [33] one 
gets the desired formula since 

^1 /3 ■ ixT^2g'^2 ''^1 ™) ~ P{ci)x^~^^X2gC2 'C]^ ^ — X^X2gC2 'C]^ "^XiCi ^ 

andxT4gc2'c^"'^icl' = cl-\gc2'cinc*2ic,yxT^'xigc2'ci'^-' = cl-\gc^n^r^' Agc2 
since c*2{ci)c\{c2) = 1. □ 

Let A = G X G and 0i = (ci, c*), 02 = (c2, two elements in A = G x G. 
Define two subgroups of A namely Ai =< A G A|A(0i) G {1, gi, ■ ■ -Qi^^^} > and 
A2 =< A G A|A(02) e {1, q2, ■■■qT~^} >■ Foi' ^ = iP, h) e A associate two 
numbers 1 < /(A)i < ni and 1 < /(A)2 < n2 in the following way. If A G Ai define 

/(A)i by the equality A(0i) = q''^'^^^~^ . Otherwise, if A ^ Ai put /(A)i = ni. Similarly 

/(A)2 is defined by the equality A(02) = ^2^^^'^ if A G A2 and /(A)2 = n2 otherwise. 
For simplicity we write /i = /(A)i and I2 = 1(^)2 if no confusion arises. 



Proposition 3.7. Let A = {f3, h) and V = H ^ ■ h. Then V has dimension /(A)i/(A)2 

/3 



and a basis is given by x\ ^xi ^ g - h for 1 <i < and 1 < j < 1{X)2- 



Proof. Let v = h & V. Then gv = /3{g)v and X'^ = x{h)v. Lemma [3.41 gives us that 
x'^v = if and only if /3(ci) — cj~^(/ic^~^) = or m = ni. This is equivalent to 
/?(ci)c*(/i) = or m = ni. Thus m = /(A)i = li. Similarly from the same lemma 
x^v = if P{c2)c*2{h) = q^-^ or m = k- 

Let Xi^ j = x\~^x^2^^ p-g from Lemma [3^ it follows that Xi^ j are linearly independent. 
But 

g.x,,, = cligp^-'^c;igp^~'^/3ig)x,,, = (cr^'-'^c;-^'-'^ f3)ig)x,,, 

and 

X-Xi,j = X''-''^\ci)x'^^''^\c2)x{h)xij = xici'-'^^^ 02''^'^ h)xij 

On the other hand C,iXij = ^ix]^^x{^^ ■ v = x\~^C,i ■ x^^'^v — [x\^^, ^1] ■ x^^'^v. Since 
^1X2 = X2^i and ■ V = using Lemma [221 one gets that ^iXij = x]~'^[—{i — 
l)gA~'^i''h l)q^'c,xi-'h] = xl'[-ii - l),Aic2y-'cr\h)xi-'h + 
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1) Qi^ €2(01)^ ^ f3{ci)3c{^'^h]. Since cj(c2)c2(ci) = 1 the last term becomes C,i-Xij = 
cl{c2y^^[—{i — l)qj^cl^^{h) + {i — l)qi^ (3{ci)]xi-ij which can be written as 

^iXij = Ci(c2)^~^ai(/3, h; i - l)xi_ij 

Similarly ^2-Xij = ^2x]~^xi'''^ -v = x{~^ ^2{x2~^ -v) Using Lemma part 3, it follows 
that ^2(a;2~ ' = a2(/5, h; j — l)x2~ -v. Thus ^2-Xi j = a2{P;h; j — 
Clearly Xi.Xij = Xi+ij and X2.Xij = X2x\^'^X2^ ■ v = C2(ci)*~^Xj_ j+i. It follows that 
the irreducible module V is spanned by Xj j and its dimension is equal to /1/2 □ 

Corollary 3.8. The module H p ■ g is one dimensional if and only if (3{ci)c\{g) = 1 
and I3{c2)c*2{g) = 1. 

Lemma 3.9. Let cf) : D{H) End V be a representation of D{H). Then 7^ and 
it has a basis of common eigenvectors of (j){g) and (f){x) for any g E G and x G G. 

Proof. Clearly ^0. Let G If ^it; = then v eV^ = V^^n Otherwise 
let m minimal such that = 0. Then ^ Since ^ig = cl^^{g)g^i and 

^25' = C2~^(5')5'^2 one has that gV^^ C V^- and therefore gV^^ C V^. Similarly xV^ C V^. 
Since the operators (p{g), (p{x) commute one to another it follows that they can be 
simultaneously diagonalized on □ 

Lemma 3.10. If V is an irreducible representation of D{H) then dim^ = 1. // 
V is a completely reducible representation of D{H) then the number of irreducible 
summands of V equals dim^ . 

Proof. Let V = H p ■ h. Then 1 = /i G V^. We use the description of the simple 
Z}(if)-modules from Proposition 13 .71 Suppose v = J2]Z^ij=i^ Cbi,jXij G with aj G 

k. Then ^iv = j=i jii^i, j = Zli=27=i' '^i('^2)-'""^ai(/5, h] i- l)aijXi-ij. 
Since h; i — 1) ^ for 2 < i < li, it follows that a,^ j = for any 2 < i < li 

and any 1 < j < Similarly ^2"^ = implies that = for any 1 < i < h and 
2 < j < I2. Therefore v = ai. 1X1^ 1 and is one dimensional. □ 

For the last lemma of this section one needs to assume that < ci > fl < C2 >= {1} 
or <c*>n<C2 >={!}, where hj < g > is denoted the cyclic subgroup generated 
by an element g E G. 

Lemma 3.11. Let V be a D{H)-module and 7^ f G V^. Suppose there is f3 E G 
and h E G such that gv = /3{g)v and xv = x{h)v for any g E G and x E G. Let U 
the submodule generated by v. Then U is irreducible if and only if x\v 7^ implies 
C,i.{x\v) 7^ and x\v 7^ implies C,2-{xlv) 7^ 0. In this situation U = H ■ h. 

Proof. Suppose U is irreducible. Then X2V is not a scalar multiple of v for 1 < 
i < n2 since v and x^v are common eigenvectors of (j){c2) corresponding to different 
eigenvalues. Indeed g.{x2v) = C2~^{g)P{g){xlv) and C2~'(c2)/5(c2) 7^ P{c2). Since 
U is irreducible, by Lemma 13.101 one has that =< v >. On the other hand 
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^i.{x\v) = x\C,iv = 0. Therefore ^2-{x\v) ^ since x^v is not in U^. Similarly it can 
be proved that x\v ^ implies ^i.{x\v) ^ 0. 

Assume now that x\v ^ implies ^2-{.X2v) ^ and x\v ^ implies ^i.{x\v) ^ 0. 
Let m be minimal with x'^v = 0, 1 < m < n2. Then 7^ 0. Using Lemma 

13.31 one has that ^2 -(3^2*^) = 0^2 h] m)x^~^v where 0^2 h; m) was defined 
before. Therefore 02 h; m) = which by the same lemma implies m = I2 where 
I2 was defined such that j3{c2)c2{h) = q2 ^^. Since ^2(2^2'^) 7^ for 1 < i < /2 — 1 
it follows from the same lemma that 02 h; i) ^ for 1 < i < I2 — 1. Similarly 
it can be shown that m minimal with x^v = is m = /i where li was defined 
as before by the relation (3{ci)cl{h) = q^2~^ . It follows in the same manner that 
h] i) 7^ for 1 < i < /i — 1. Let Xi^j = x]~^x^2~'^'^ 1 < * < ^1 and 1 < j < h- 
First Xij 7^ 0. Indeed for v' = x^2^^v one has that v' G V^^. One has that gv' = 
gxi'^v = C2'''^^^\g)xi'^gv = C2''^^'^\g)l3{g)xi'^v = (4''^^'^^ f3){g)v' and x^' = 
XX2~^v = x(c2 ^^)xi^^x'^ = x(c2 '''' ^^h)v'. Applying Lemma [3.31 for v' one has that 
C,iXij = ai{(3cl~^^~^\ C2^^~^^h; i)x]~^v' = ai{f3c*2~^^~^\ C2^^~^^h; i)xi-ij. Since 
c*(c2)c2(ci) = 1, it is easy to see that ai{/3cl~-^~^ , c^'^^'^'^h] i) = cl{c2y~^ai{/3, h; i) 
and this is a nonzero scalar since 1 < i < /i — 1. Thus Xi^j = implies = 0. 

But 7^ 0. It follows that all not zero. 

Secondly the elements Xij are linearly independent. Indeed 

g.Xi^j = cl{g)~^^~^^C2{g)~'^-^~^^ P{g)xij. Therefore Xi j are common eigenvectors for 
all the applications (f){g) g E G. It will be shown that these eigenvalues are distinct 
and from here it follows that the elements Xi^j are linearly independent. Suppose 

that c*~*-*~"'^^C2~''"' = c]^ ^'^^02 ^^'^ for some 1 < i' < h and 1 < j, f < h- 
Then c*i^ = 0*2^'^ ^ which is impossible if < c\ > f] < C2 >={!}. Similarly, since 
XXi,j = X^^^^^K'^i)x^^''^^Kc2)xih)xij then two eigenvectors Xij and Xiij^ belong to 
the same eigenvalue for all x ^ if and only if c]~^ = df'' ■ Therefore this implies 
that < ci > n < C2 >7^ {1}. 

Now using the proof of Proposition 13. 71 it is easy to see that the map from U to H p-h 
sending Xi^j to p - his an isomorphism of D(i^f)-modules. □ 

4. The tensor product 

Let h, h' eG and (3, e G. Let Vi = H p ■ h, V2 = Hp, ■ h' and V = Vi® V2. In 
this section we will determine the socle of V and describe some situations in which 
V is completely reducible. In order to do this we should assume that < Ci > fl < 
C2 >= {1} or < c* > n < C2* >= {1} where < (7 > is the cyclic subgroup generated 
by an element g E G. Also we keep the assumption that ord{ci) = ord{c*) = Ui for 
z = 1, 2. 

Recall from Proposition 13.71 that dimVi = I1I2 where li and I2 are uniquely deter- 
mined by Ai = (/?, h) G A. Then a basis of Vi is given by Xi^j = x]^^oc{^^ a ■ h for 
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1 < i < h and 1 < j < h- Similarly diml^ = l[l2 such that [[, I2 are the two num- 
bers associated to A2 = (/?', h') G A. A basis of V2 is given by x- ^ = x]~^x{~^ ^, ■ h' 
for 1 < i < l[ and 1 < j < In order to simplify the writing for i = 1, 2 let 
= h] I) and = caiP', h'; I). 
For any 2 < p < li + l[ and 2 < q < I2 + 1'2 consider 

W^p, q = span^, < j (S) Xj/^ j' |i + i' = p, j + j' = q > 

Clearly 

Lemma 4.1. VFzi/i i/ie above notations one has that 

(1) xiWp^q C VTp+i,,;, X2Vrp,g C Wp^ g+l 

(2) C C Wp,q.i 

(3) If X G Wp q then xx = x(c^ ^^^'^^C2^'^^'^^hh')x and 

gx = {cr^'''^c2'^'-'^mi9>- 

Proof. One has that xi(xj_ j (S)x^, j,) = ciXij^xix'^,^ j, + XiXij^x^,j, Since Xix^, ,^-, = 

xiXij = Xi+ij and ciXij = {cl *•* ^^cl j3){ci)xij one gets the first 
formula. Similarly X2Wp^q C Wp^q+i. 

On the other hand ii{xi, j®x\, ^ ■,) = A"'P{^i){xij^x^,j,) = ^iXij®cl^^Xi'ji + Xij0 
^ix'j^/ j,. But from Proposition 13.71 one has ^iXj, ^ = c*"*"^ (02)01(2 — l)xj_i_ j, C,ix'j^iji = 

cf-\c2)a[ii' - l)x,._i,,v and c^'x'^,^^, = cr^''''^(ci)cr^''"'Hc2)cl(/i')4,,'- Thus 
^iWp^q C IVp-i, g and similarly ^2W^p, g C Wp^q-i. From the same Proposition 13.71 
it follows that x^ij = xi^i^^'^^ 02^'^^^^ h)xij and gxij = {cl~^^~^^ cl~^''~^^ f3){g)xij. 
Applying the same formulae for x^,^, one gets the last identities. □ 

Let Zj = min{/j, and k = max{Zj, l^} for i = I, 2. 
Lemma 4.2. With the above notations one has that 
(1) 

2<p<«i+l, 2<g</2+l 

and dimV^ fl W^p, ^ = 1 /or a// 2 < p < /i + 1 anc? 2 < g < /2 + 1 ■ 

(2) n IVp, , = ifp <h + l and V,, nWp^q = if q < I2 + 1. 

Proof. 1) Let x G then x = g'W^p, g with Wp^q G W^p, q. One has that ,^ix = 
J2p q ^I'^p, q since ^iWp^ q G VTp-i, g it follows that ^iWp^ ^ = for all p, q. There- 
fore % = ©;Ll?,i^'^(% n Wp,q). 
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Let X e Wp^ q^V^ and 

X = ^ Oj^ jXi^ j (8) x'^,^ j, 

i+i'=p, j+j'=q 

with Qi^j e k. Notice that CiXij = if and only ii i — 1. 
Let io maximal such that Qi^^j ^ and let — p — Iq. Then 

= a(zo, j)cr"'(c2)cr'(c7^*""'^C2-(^'-^)/i')ai(^o - l)(a:.o-i,i ® 4,/) + 
+a(io, j)c*/'^{c2)a[{iQ - l))ixi^,j (g) Xi'^^^ij,) 
Since acting on the tensor products decreases i or by one unit, it 

can be seen that the term Xi^j ® a;j^_i^ j' cannot be annihilated by another term of 
^iX. Therefore this term must be zero which can happen only if = 1. But on 
the other hand i'q = p — io and hence io = P — ^ ^ h- It follows that p < h + 1- 
Similarly p<l[ + l and thus p < + 1. Thus V^^^ D Wp^ g ^ ii p > li + 1. Similarly 
V^,nWp,q = 0ifq>l2 + l. 

Clearly W2, q C V^^ and Wp^ 2 C Thus W2, 2 C F^. 

If 2 < p < ii + 1 and 2 < g < ^2 + 1 and 

X — jXi^ j ® Xj,^ j, 

i+i'=p, j+j'=q 

with tti^j e k then 

i+i'=p, j+j'=q i+i'=p, j+j'=q 

= XI J■Cl•'~^(c2)Q;l(^ - i)xi-ij (8) c*(ci'~^(4 ~^h~'^)xi>j' + 

i+i'=p, j+j'=q, i>2 

X {ai+ijcl^-\c2)cl{4-'^4~^h'-^)ai{i) + jcl{c2y'-^a[{i - l)){xi,j x[,_-^ j,) 

i+i'=p, j+j'=q, i'>2 

Hence x e V^^ if and only if 

ai+ijcl^~'^{c2)cl{4~^c'2~^h'~^)ai{{) + aijcl{c2y'~^a[{i' - 1) = 

for all 1 < i < p — 2 and all 1 < j < q, where i' — p — i and j' — q — j- Since 
^ and ^ for all 1 < i < p-2 < ^i-l and all 2 < i' < p- 1 < /i it 
follows that in this situation V"^^ fl Wp^ g 7^ 0. Note that the condition on the scalars 
Qi^j is flj+i, j = foi' some given nonzero scalars 7^^ j G k. 

Completely similarly, since i2Xi^j = Oi2{i — l)Xi^j_i it can be shown that if 2 < g < 
^2 + 1 then x e imposes a condition of the type Oj, j+i = 7^^ jOj, ^ for some given 
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nonzero scalars 7,'^ j G k. Therefore in this situation dim(V^ fl Wp^ g) = 1 since all the 
scalars ,,• are completely determined by ai^ 1. 

2) The proof of the second statement is similar. Since this time XiWp^g C Wp+i^g 
and X2Wp^q C Wp^ g+i one gets that Vx-^ fl Wp^g 7^ if and only if p > /i + 1 and 
similarly Vx^ fl Wp^ g 7^ if and only if g > /2 + 1- D 

Note that in the proof of the first part of the previous lemma it was also shown 
that V^, nWp^g ^ if and only if 2 < p < h + 1 and % nWp^g ^ if and only if 
2 < g < /a + 1. 

Proposition 4.3. With above notations V has at most li ■ I2 irreducible submodules. 

Proof. Let (f) : D{H) —>■ EndiV) be the corresponding representation. By Lemma W7]\ 
we can pick up a nonzero element Xp^ ^ in V"^ fl Wp^ g for every 2 < p < /i + 1 and 

2 < g < /2 + 1- By Lemma 14. for any g & G and x ^ G the elements Xp^ g are 
common eigenvectors of (f){g) and (pix), corresponding to different eigenvalues of (f){g) 
and (f){x) respectively. Let Up^g be the D{H) submodule generated by Xp^g. 
Let U be an irreducible D{H) submodule of V. Then C but = span{a;p^ g|2 < 
p < h + I, 2 < q < l2_ + 1}. Suppose that 7^ w G U^, it follows that v is common 
eigenvector of (l){g) and 4>{x)- Since genvectors corresponding of distinct 

eigenvalues of 4>{g), v must be a scalar multiple of some Xp^ g. Consequently, Xp^g E U 
and since U is irreducible it implies that U = Up^g. □ 

Lemma 4.4. Let Up^g =< Xp^g > the module defined above. 

(1) If x\Xp^g 7^ but ^i.{x\Xp^g) = then q^"^^^ '^^^i^2{4>i) = ■ Thus in this 
situation A1A2 G Ai. 

(2) Suppose ^i{x\xp^ g) = 0- //p + ^ > ^1 + 2 then x\Xp^ q = 0. If p + i < h + f 
then x\Xp^ qi^^- 

Proof. 1) From Lemma [4.11 it follows that g.Xp^g = (c^ "^^c^ ^'^ "^^ (3(3'){g)xp^g and 

= xic-^'"'^c,^'-'^hh')xp,g. Let/?" = cr^"~'^cr^'"'^/5/?'and/i" = c-^''-'^c,^''-'^hh'. 
Thus g.Xp^g = P"{g)xp^g and xXp,g = x{h")xp^g 
Suppose x\xp^g 7^ but ^i.{x\Xp^g) = 0. Lemma [3.31 implies that 

^i.{x\Xp^ g) = ai{P" , h"; i)(x*i~"'^a;p_ g) and ^i.(a;*]^a;p, g) = precisely when h"; i) = 

since x\^^Xp^g 7^ 0. Then from the same Lemma [331 it follows that [3" {ci)c\{h") = 
ql~^ which is equivalent to 

Since 0^(02)02(01) = 1 and oj(oi) = qi the last relation becomes g]~^^^~^^AiA2(0i) = 
q\-\ Thus A1A2 G Ai. 

2) One has that x\~'^Xp^ g G H^p+i_i_ g and x\Xp^ g G W^p+j, g- If p + i > h + 2 then 
from the remark after the Lemma [4.2! the only possibility to have ^i{x\Xp^g) = is 
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x\Xp^ g = 0. On the other hand if If p + i < /i + 1 then p + i — 1 < li and the same 
remark imphes that x\Xp^g = xi.{x]~^Xp^ g) ^ 0. 

□ 

There are two similar statements for X2 and .^2- One has that XgXp^ g ^ but 

C,2-{x2Xp, g) = implies ^2 '^^'^ '^^^i^2{4>2) = '?2~^ ^^id thus in this situation A1A2 G A2. 
On the other hand, suppose ^2{x2Xp^g) = 0. If g + i > ^2 + 2 then X2Xp^g = 0. If 
q + i < I2 + 1 then Xg^^p, g 7^ 0. 

In the following we refer to the condition x\Xp^ q 7^ implies ^i.{x\Xp^ g) 7^ as the first 
condition of the Lemma 13.111 From the proof of the previous lemma, the condition 
^-2(p-2)j^^j^^j^^^-j _ ^2-1 jj^iplies that ^i-i^i^p, g) = but not also x\Xp^ g 7^ 0. In other 
words, one does not have equivalence in the first statement of this lemma. 
We first describe the socle of V in the situation Ai, A2 G Ai fl A2. Recall that for Ai 
that means /3(ci)c*(/i) = q[^~^ and /5(c2)c2(/i) = q2 ^^ with 1 < k < rii. Similarly for 
A2 one has l3'{ci)cl{h') = q^^^ and [3{c2)cl{h) = q^"^ with 1 < / • < rii. 

Let ti = max{/i + l[ — rii — 1, 0} and Ci = [^^y^] and similarly let ^2 = max{/2 + 
/^-ri2-l, 0} and C2 = [^]. 

Theorem 4.5. With the above notations suppose that Ai, A2 G Ai fl A2. It follows 
that: 

p=h-l, q=l2-l 

soc{Hfi ■h®Hp,-h')= iJ^^pp^.-,^^,^ . {c-''c~''hh') 

p=ci, g=C2 

Proof. Using the notations from the proof of the previous proposition we have to 
decide when Up^ g is irreducible. For this, one has to verify when x\Xp^ g 7^ implies 
^i.{x\Xp^ g) ^ and XgXp, g 7^ implies ^2-(a;2%, q) 7^ 0. From the first part of Lemma 
14.41 it follows that x\Xp^q 7^ and ^i.{x\Xp^q) = implies qi'^^^~'^^ XiX2{4>i) = ^i"^- 
But Ai(</)i) = q'^^^ and A2(0i) = q'^ ^. Thus ^'"^ ^'*AiA2(0i) = q\~^ is equivalent 
to qi ^P+'^+'i+'i ^ = OT i = li + I'l — 2p + 3{mod rii). Similarly x^Xp^ g 7^ but 
^2- (3^2%, g) = implies j = /2 + ^2 ~ 2g + 3{mod ^2). 

Assume first that Zi + l[ < rii + 1 which means Ci = 0. Then 1 < —2p + li + l[ + 3 < 
— l < rii and therefore z = —2p+li+l[+3. But then z+p = —p+li+l[+3 > h + l 
since p < /i + 1 < /i + 2. Therefore by the second statement of the Lemma 14.41 it 
follows that x\Xp q = 0. If /2 + ^2 < ""-a + 1 a similar discussion shows that x^Xp^ g 7^ 
implies that C,2-{xixp^q) 7^ 0. Thus in this situation all Up^q are irreducible and from 
Lemma [3.111 they are isomorphic to H ■ h" = H^*-(p-2)^*-{q-2)^^, ■ "^^2 '^^hh' . 

Suppose now that li + l'^ > rii + 1 which means that Ci = li + I'l — rii — 1. Then 
/i + - + 1 < /i + /; - 2p + 3 < li + l[ - 1 But 1 < /i + -2/^ + 1 and 
h + l[-l < 2ni - 1. Thus 1 < /i + - 2j9 + 3 < 2ni - 1. It can be checked that 
li + l[ — 2p + 3 > rii if and only if p < Ci + 2. As above x\Xp^ 5 7^ and C,i.{x\Xp^ 9) = 
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implies that i = —2p + li + l[ + 3{mod rii). Since 1 < i < ni — 1 it follows that 
i = -2p + /i + /'i + 3 - ni if p < ci + 2 and z = -2p + /i + + 3 if p > Ci + 2. 
Assume that p < ci + 2. In this situation i = —2p + li + l[ + 3 — rii. Since 
p + i = li + I'l — p + 3 — rii < li + 1 it follows by the second part of Lemma 14.41 that 
x\Xp^ g 7^ 0. Therefore in this situation Up^ g is not irreducible since x\Xp^ q ^ but 
(i.{x\Xp,g) = 0. 

If p > Ci + 2 we have seen that i = —2p + li + l[ + 3. But then, as in the first part 
of the proof, one has p + i = —p + li + l[ + 3 > li + 1. Therefore by the second part 
of Lemma 14.41 it follows that x\Xp^ g = and thus the first condition of Lemma 13.111 
is satisfied. 

A similar discussion shows that if g < C2 + 2 then there is j with 1 < j < n2 — 1 
such that x^Xp^ g 7^ but ^2-{x2Xp^ g) = and in this situation Up^ q is not irreducible. 
Therefore Up^ g is irreducible if and only if p > ci + 2 and g > C2 + 2. As above in this 
situation Up „ = if ,.-(p-2) *-{g-2)„„, ■ '^^C2 ^'^ '^^hh' and one gets the socle formula 
from the theorem after indexing p and q with two units smaller. □ 

Corollary 4.6. Suppose that \i, A2GAinA2. Ifli+l[<ni + landl2 + l2<n2 + l 
then V is completely reducible and 

p=h-l, q=l2_-l 
p=0, g=0 

Proof. In the first part of the proof of the main theorem it was shown that in this 
situation all the modules f/p_ g are irreducible for all 2 < p < /i + 1 and 2 < g < /2 + 1. 
By Proposition 13. 71 the dimension of Up^ g is q)l2{p, q) where Zi(p, q) and hip, q) 
are such that (3" {ci)c{{h") = gj^^f'^^-^ and (3"{c2)c*2{h") = q^^'^'''^-\ It follows that 
hip, q) = /i — 2p + 3 and ^2(^5 <i) =/2 + ^2~2g + 3. Thus q) depends only on 
p and it can be denoted with l{p). Similarly let l{q) = l2{p, q)- Since Y^p=2^^ Kv) = 
-2(Ej=^^'p)+ii(^i+^i+3) = -2[(/i + l)(/i+2)/2-l)]+/i'+/iri+3/i = /i/; and since 
similarly Ej=^^^ ^(?) = ^2^2 it follows that Xlp, g dimf/p,, = (Ep ^(?)) = 

dimF and V = ©^V' """"^f^p, ^ 

Corollary 4.7. Suppose that Ai, A2 G Ai fl A2. With the above notations if li 7^ l[ 
or I2 7^ 1'2 then V does not contain any one dimensional submodule. If li = l[ and 
I2 = I2 then V contains a unique one dimensional submodule. 

Proof. It can be easily checked that if ?7 is a one dimensional module then U = U^ = 
Ux- But from Lemma [4.21 if V^dVx ^ then li = l[ and I2 = 1'2- In this situation 
V^f\Vx C. V5^+i, /2+1. Let p = li + 1 and g = ^2 + 1- Then, by a simple computation, 
it can be checked that p > ci + 2 and g > C2 + 1. Therefore the proof of the main 
theorem implies that the module Up^ g generated by Xp^ g is irreducible. Its dimension 
is l{j))l{q). As above, one has that /(p) = li + I'l — 2(/i + 1) + 3{mod ni). Since li = l[ 
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it follows that l{p) = 1 and similarly l{q) = 1. Therefore Up^q is one dimensional and 
it is the unique one dimensional submodule of V. □ 

Suppose that both (/?, g), {(3' , h') are not in Ai U A2. If {(3(3', hh') ^ Ai U A2 then 
from the first part of Lemma 14.41 it follows that Up^ q are irreducible for any possible 
value of 2 < p < ni + 1 and 2 < g < ^2 + 1. Therefore in this situation, the socle is 
described as follows: 

Theorem 4.8. Suppose that both {(3, g), {(3' ,h') are not in A1UA2. If {(3(3', hh') ^ 
Ai U A2 then 

p=«i — 1, g=n2 — 1 

soc(i/^ ■h®Hp,-h')= ■ (c^^c^-'^/i/i') 

p=0, g=0 

For any 1 < m < rii let be the set of integers 2 < p < rii + 1 satisfying at 
least one of the following three inequalities: [^^^] < p < min{m + 2, 
p > [2i±|i+5] and p < 2 + m - ni. It can be shown that = [[^], m + 
2] U rii + 1] if m < Til - 2, A^ = [[^], m + 2] if m = - 1, and 

Am = [[^^^l, ni + 1] U {2} if m = Ui. For 1 < m < n2, define the sets satisfying 
at least one of the same inequalities with ni replaced by n2- 

Theorem 4.9. Suppose that both {(3, g), {(3' ,h') are not in Ai U A2 and X1X2 = 
{(3(3', hh') G Ai n A2. For i = 1, 2 let XiX2{(j)i) = q^'^ with 1 < m, < n,. Then 

soc{Hp ■h®Hp,-h')= ■ {c-'-P-^^c-^'^-^hh') 

mn 

Proof. One has to decide for which values of p, q the module Up^ q is irreducible. From 
Lemma SiHit follows that x\Xp,q 7^ but ^i.{x\Xp^q) = implies qi'^^^~'^^ XiX2{(t>i) = 
ql~^ which is equivalent to z = mi — 2p + 4:{mod ni). 

Remark that in this situation li = li = ni. From the second part of Lemma l44l 
it follows that if p + i < ni + 1 then x\Xp^ g 7^ but ^i{x\Xp^ q) = 0, therefore in this 
situation Up^ q is not irreducible. On the other hand if p + i > rii + 2 then x\Xp^ q = 0. 
A similar remark can be made for ^2 and X2- 

One has 1 — 2(^1 + 1) +4 = —2ni + 3 < mi — 2p + A < rii since 1 < mi < ni and 2 < 
p < ni + 1. Since 1 < i < rii it follows that i could be mi — 2p+4+2ni, mi — 2p+4+ni 
or mi — 2p + 4 depending in which intervals mi — 2p + 4 is situated. 

In the first situation i = mi — 2p + 4 + 2ni precisely when — 3 + 2ni < mi — 2p + A < 
—rii which can happen if and only if 2p > mi + ni + 4 or p > [HiLd^i+5j_ 
this situation p + i = mi — p + 4 + 2?2i > ni + 2 and therefore by the second part of 
Lemma [4.41 it follows that x\Xp^q = 0. Thus in this situation the first condition from 
Lemma [3.111 is satisfied. 

Suppose now that i = mi — 2p + 4+ni which means that — ni + 1 < mi — 2p+4 < 0. 
From before, the first inequality, namely —ni + 1 < mi — 2p + 4, is equivalent with 
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p < 'jj-^g second inequality is equivalent to 2p > mi + 4 or p > 

Thus this second situation can happen if and only if [ "^i^+^ j < p < j "^i+^i+5 j^ Then 
p + i = nil — p + 4 + rii and p + i < rii + 1 if and only if p > mi + 3. Thus if 
p > mi + 3 then p + i < rii + 1 and the first condition of the Lemma 13.111 is not 
satisfied. Obviously, in the other situation, if p < mi + 2 then the condition of the 
same lema is satisfied since p + i > ni + 2. Summarizing in this situation, the first 
condition of the Lemma is satisfied if and only if [ "^2"^^ ] < p < min{mi+2, 

The last situation is z = mi — 2p + 4 or equivalently 1 < mi — 2p + 4 < rii. 
Clearly that can happen if and only if p < [ "^i^+'^ j . But then p + i = mi — p + 4 
and p + i < Ui + 1 is equivalent to p > 3 + mi — rii . Thus if mi < rii — 1 then 
p > 2 > 3 + mi — Til and the first condition of the Lemma 13.111 is not satisfied. If 
mi = rii then for p = 2 the first condition is satisfied. 

Summarizing the three situations one gets that the first condition is satisfied if 
and only if p G A^i ■ A similar discussion regarding the second condition of the same 
lemma implies that q G Bm2- D 

A similar proof can be done if Ai, A2 ^ Ai U A2 and A1A2 is in one of the A, but 
not in the other. For example, if A1A2 G Ai \ A2 then 

(J=?l2 + 1 

p&Ami , q=2 

where AiA2(0i) = 
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